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Bilateral zeta functions and their applications 

GENKI SHIBUKAWA 



Abstract 



We introduce a new type of multiple zeta functions, which we call bilateral zeta 
■ functions. We prove that the bilateral zeta function has a nice Fourier series expansion 

and the Barnes zeta function can be expressed as a finite sum of bilateral zeta functions. 
• By these properties of the bilateral zeta functions, we obtain simple proofs of some 

. formulas, for example, the reflection formula for the multiple gamma function, the 

inversion formula for the Dedekind ^-function, Ramanujan's formula, Fourier expansion 
j_> ' of the Barnes zeta function and multiple Iseki's formula. 

1 Introduction 

m 

^ I In the present paper, we introduce a new type of multiple zeta functions(series) analogous 
lO ' to the ones Barnes originally denned in 1904 [Ba], and investigate their fundamental prop- 
erties. The Barnes zeta functions have been used for the proofs of the basic facts like the 
transformation formula for theta functions and the reflection formula for multiple gamma 
functions. Those known proofs are, however, not clear enough, mainly because good explicit 
expressions of the Barnes zeta functions have not been established. A closer look at this sit- 
uation tells us that those proofs seem to have paid extra efforts for pursuing the parallelism 
to the most primitive case. To these difficulties, we will demonstrate how our new type of 
multiple zeta functions, which we call bilateral zeta functions, are useful for the clarification 
& . of such zeta-based understanding of the special functions. 

Our bilateral zeta function is defined as a periodic function which shares certain basic 
properties of the Barnes zeta function. Actually, the bilateral zeta function is defined by a 
sum of two Barnes multiple zeta functions as follows(see Section 4): For < arg(cuo) < it, 

£r+l{s, Z | U ; U) = Cr+lO, Z + UJ | Uq, u) + Cr+lO, Z | ~L0 , w). 

Here Ch-i( s > z I w 0; w ) ( w := ■ • • > w r) £ C r ) denotes the Barnes multiple zeta function 
and is given by 



Cr+i(s, Z | U>o,U U --- ,co r ) := ^2 



n (z + m ujo + mxUi H h m r u r ) s ' 

For the absolute convergence of these series, certain conditions on the positions of the param- 
eters and the variable z should be assumed (see Section 3 and 4 for the precise conditions). 
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Under those conditions, the domains of absolute convergence in s for £ r+ i and Cr+i are 
Re (s) > r + I. 

The bilateral zeta function inherits many of similar properties of the Barnes zeta func- 
tion. Actually, it can be shown that £ r is continued holomorphically to the whole s-plane. 
Moreover, the bilateral zeta function thus defined has obviously the Fourier series expansion 
which is very nice. Therefore, we easily find that special functions such as multiple g-shifted 
factorials are nicely written by the bilateral zeta function. These relationships enable us to 
derive many important properties of the special functions on the basis of the bilateral zeta 
functions. Moreover, what is remarkable is that one can show the Barnes zeta function itself 
turns to be expressed by a finite sum of bilateral zeta functions. In this way, the Fourier 
expansion of the Barnes zeta functions and multiple Bernoulli polynomials are transparently 
derived. 

The first main result is the following explicit Fourier series expansion(see Theorem 14.71 ): 

i _ e-¥ s (2TT) S >^ n s-l e 2irinz 

C,r+l[S, Z | e , U)) — ^ _ e 2-Kin^ ...(]__ e 2mnu) r ^ ' 

for all z, ux, • • ■ ,oj r G and s G C. Here fj is the upper half of the complex plane. 

From this Fourier series expansion, small manipulation yields the reflection formula for 
the multiple gamma function(see corollary 14. 1 Of) as 

1 f(-l) r+1 7ri , . , A . . 

- exp <^ — — — -B r+1>r +x{z | 1, <*0 } ( X ! 9)r,oo- 



r+1 



[z | 1, w)r r+ i(l -z\l, e" n u) ^{ (r + 1 



We notice that the formula above has been obtained by Friedman and Ruijsenaars |FR] 
from Raabe's formula for the integral expression of the Barnes zeta function. The Fourier 
series expansion of £2 gives also simple proofs of the inversion formula for the Dedekind 
//-function and Ramanujan's classical formula concerning the special values of the Riemann 
zeta function(see Proposition 15.31) . 

The second main result is an expression of the Barnes zeta function by a finite sum of 
bilateral zeta functions in s(g C) as follows. 



( r (s,Z I W) 



1 



2i sin(7rs) 

r 



k=l 



iy-"e-™Z r (s,z + e- m \u>\+ +1)r] I u k ;Q-[k,r](k)) 



for cui, • ■ ■ ,ou r G $) and z G D := {z G C* | z = Y7k=i a fe CJ fe (0 < a±, • ■ ■ , a r < 1)}. Here we 
assume that arg(co,) < arg(cjfc)(l < j < k < r) (see Section 2 for the definitions of notations). 
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We remark that the proof of this theorem gives a multiple- analogue of the result in 
Knopp and Robins |KRj . Further, we obtain also a multiple-analogue of Iseki's formula, 
a generalization of transformation formula for the theta function p. This gives also a 
generalization of infinite product expressions of the multiple sine functions by Narukawa 
|Na] . The original proofs of Iseki and that of Narukawa are based on the residues theorem 
while our proof which follows from Kronecker-type limit formula ( I4.24p for the bilateral zeta 
function is much simpler. 

Throughout the paper, we denote by N be the set of natural numbers, Z the ring of 
rational integers, Q the field of rational numbers, R the field of real numbers, C the field of 
complex numbers, and put N := N U {0}, C* := C\{0}. 

2 Notations and definitions 

For c G C, we always assume that 

— 7r < arg c < 7i. 

We set argO := 0. We note that i := G F) = {z G C* | < arg(z) < n}. 

For any vector X = (X\, • • ■ , X r ) G C r , we put 



(2.1) cX := (cXx, • • • , cX r ) G C r (c G C), 

(2.2) X(j) := (X u ■ ■ ■ , Xj-!, X j+1 , ■ • • , X r ) G C" 1 

(2.3) = (Xi, ■ ■ ■ , Xj, ■ ■ ■ , X r ), 

X-[j] :=(X ir •• ,-Xj,--- ,X r ) GC7, 

(2.4) X- 1 [j]:=(X 1 ,---,Xr 1 ,...,X r )GC r , 

(2.5) X- 1 :={Xr\---,X- 1 )eC r , 

(2.6) '■= X\ + • • • + X r G C, 

(2.7) | -XT | x : = X\ ■ ■ ■ X r G C . 

When m, n, j G N and 1 < m < n < r, we define 

(2.8) X [m, n] := (X 1? • • ■ , X m _i, — X m , ■ ■ ■ , — X n , X n+1 , • • ■ , X r ) G C , 

(2.9) X- l [m,n] := (X x , ■ ■ ■ , X m _ 1; X~\ ■ ■ ■ , X~\ X n+1 , ■ ■ ■ , X r ) G C r , 

n 

k=m 
n 

k=m 

(2.12) X~ [r + 1, r] :=X G C r , 

(2.13) X-^r + l.r] =X G C r , 
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1 JT\ + 

1^1 [1,0] 


:=0, 


JT\ + 

^\[r+l,r] 


:=0, 


TT\ x 

A l[r+l,r] 


:=1. 



(2.14) 
(2.15) 
(2.16) 



Let z, oji, ■ ■ ■ , u r e C and x := e . Put 

uj := (wi, • • • ,u r ) G C r , 
<? := (<?i, • • • ,<?r) e C r , 

where q k ■= e 2mulk (k — 1, • ■ ■ , r). 

Definition 2.1. (1) For cj fc G (A; = 1, • • • , r), we define a r-ple g-shifted factorial (x; qr) r , 
by 



(2.17) (x; g) r>00 := ] [ (1 - e 2-(™+-+»v^)) = ] [ (1 - g™ 1 • • • q^x). 

mi ,m r =0 mi,-- ,m r =0 

If r = 0, we put 

(2.18) (x) ,oo := 1 - e 27riz = 1 - x. 

(2) For Im (wi), • • • , Im (cui) < and Im (o>m-i), • • • , Im (u; r ) > 0, that is, |gi|, • • • , \qi\ > 1 
and |gz+i|, • • • , \q r \ < 1, we define the generalized g-shifted factorial (xf~q) ri00 by 



(2.19) (^oo^dg- 1 !^;^ 1 !!,/])^ 

oo 

= n (i - ?r (mi+1) • • • % {mi+1) €r ■ ■ ■ €^r if - 

mi,- ,m r =0 

Put ^ := ^/cjfc, Xfc := e 27r * Zfc , u;^ : = ^j/^k and g^ := e 2mUi i k . Define 

(2.20) oj> fc :=(wifc, • • • , Wfcfc, • • • , w r fc), 

(2.21) q k :=(qik, • • ■ ■ ■ • ,g r fc), 

(2.22) tD fe :=uT k (k) = (u lk , ■ ■ ■ ,Q kk , • ■ ■ ,w rfe ), 

(2.23) g fc :=9fc(A) = (gifc, ?.*)■ 
The following lemma is obvious. 

Lemma 2.2. Assume that u±, ■ ■ ■ ,oo r (& Sj) satisfy the order condition [ORC] which refers 
as 

arg(c^) < arg(w fc ) (j < k). 

Then, for a fixed k, one has 

(2-24) (^Hy r _ 1)00 =(\q-\ k ^ 1] x k] q^[l,k-l])t 1 C\ 

(2.25) (xf; ^Vi,* = (|« J^a* 1 ; q^[l, A; - 1])^. 
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3 Barnes zeta functions 

In this section, we recall various properties of the Barnes zeta function from Barnes |Baj . 
Let r G N . For Re (s) > r + 1, we define (r + l)-ple Barnes zeta functions Cr+i( s > z I w (b 
by the series 

(3.1) Cr+l(s, Z I W , w) := > 7 r-. 

' (z + m Co»n + wiiWi + • • • + m r uj r ) s 

mo,---,m r =0 

Here 2,o;o an d <*> satisfy the following one-side condition [OC]. 

max{arg(2;), arg(w ), arg(wi), • • • , arg(u; r )}-min{arg(z), arg(w ), axg(wi), • • • , arg(w r )} < it. 

Throughout this paper, when we consider the Barnes zeta function, we always assume 
that z,uq and u? satisfy the condition [OC]. For the convenience, we set 

(3.2) ( (s, z) := z~ s . 

The Barnes zeta function £ r+ i(s, z \ uq, uj) converges absolutely and uniformly for any 
compact set in the domain Re (s) > r + 1. It is well known that Cr+i(s, z \ cuo, uj) is continued 
meromorphically to the whole plane C. 

Lemma 3.1. //« £ C* satisfies the conditions 

(3.3) —ir < arg(a) + arg(z) < n, —n < arg(a) + arg(tUj) < n (1 < j < r), 
then the following equality holds. 

(3.4) (r(s, ctz | aw) = a~ s ( r (s, z \ uj). 

Proof. It suffices to show the equation (13.41) when Re (s) > r. For a G C* satisfying the 
condition, we have 

OO j 

(Js,az | auj) = — 

^— ' „ [az + miawi + • • • + m r aoo r ) s 

mi,-- - ,m. r =0 v ' 
oo - 

= Y] ~^t~j : : 77 - «~ s Cr(s, z \ uj). 

^— ' a s (z + m\UJ\ + • • • + m r uj r ) s 

mi,- ,m r =0 

□ 

Lemma 3.2. (1) We have 

(3.5) ( r (s,z + L) k \u) = ( r (s,z\u)-( r - 1 (s,z\u(k)), (k = l,---,r). 

(2) Let X r := {— — ■ • • — m r u r | mj, • • • ,m r G N } and jm£ X := {0}. TTie function 
Cr(s,z | a;) continued analytically to C\X r as a multivalued holomorphic function in z. 
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Proof. (1) : The relation follows immediately from the definition. 

(2) : By Lemma [3.11 it suffices to show the assertion when Re (ut) > 0(k = 1, • • • , r). By 
the relation (i(s,z + 1 | 1) = (\(s, z | 1) — z~ s , we have for all n G N 

n-l 

CiO, z\l) = Ci(s, z + n\ 1) + J2( z + m )~"- 

m=0 

Hence, one finds that (\(s,z | 1) is continued analytically to the region {z G C | Re (z) > 
— n}\Xi as a holomorphic function in z. This proves the case r = 1. 
For r > 2, by (13. 5p . we have 

n-l 

£ r (s, z \ uj) = C r (s, z + nw r I uj) + Cr-i(s, z + mw r I cD(r)). 

m=0 

By induction, we observe that ( r { s ,z \ uj) is continued analytically to {z G C | Re (2) > 
— nRe (u r )}\X r for all n G N. Hence the desired claim follows. □ 

In order to describe special values of the Barnes zeta function, we recall the multiple 
Bernoulli polynomials |Baj . We follow the notational convention in |Na] . 

Definition 3.3. We define the multiple Bernoulli polynomials B r ^ n (z \ uj) by a generating 
function as 

j-r p zt 00 4-k 

(3-6) t — : r— - — 7 = y^B rk (z I uj)-. 

y ' - 1) • • • (e^* - 1) ' A;! 

Here z,a;i, • • • , ui r do not necessary satisfy the condition [OC]. 

The multiple Bernoulli polynomial B r ^ n (z \ uj) is actually a polynomial of degree n in z 
and is symmetric in u\, ■ ■ ■ ,u r . 

Example 3.4. 

(3-7) B r , (z I uj) =-L 

I a? I 

, , . . 1 2 UJ1+UJ2 Ujf + W| + ?>U X U 2 

(3.8) B3,2« fi)^ = z ^ H 7 • 

The following lemma is essentially due to Barnes and can be seen in |Na] (see the formulas 
(12)-(17)). 

Lemma 3.5. It holds that 



(3.9) B r . )Tl {cz I cuj 

(3.10) B r<n (\uj\ + -z I uj 

(3.11) B rn (z + Uj I uj) — B rn (z I uj 

(3.12) B r , n {z I uj-[j] 

(3.13) B r , n {z I uO + £ r!n (z I uj-[j] 



c n - r B r , n (z I w) (cGC*), 

^-lrs^ziw), 

nB^n^Z I w(j)), 

- B r , n (3 + I W), 

- nB^n^Z I cD(j)), 



(3.14) — B rin (z I a;) =nB rn _ x (z \ uj). 

dz 
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The special values of the Barnes multiple zeta functions are given by the multiple 
Bernoulli polynomial as follows. 

Lemma 3.6. ([Ba]) (1) For all m G N, 

( m _ i)\ 

(3.15) Cr(l -m,z\u) = ("l) r ^ -rr-.B r . r+m -i(z | w). 

(m + r — 1)1 

(2) For m = 1, ■ ■ • , r , 

I j\r— m 

(3.16) ResCr(s, z \ ui)ds = - — -B r . r _ m (z | w). 

s=m [m — ly.yr — my. 

4 Bilateral zeta functions 

Definition 4.1. Let r G N . Assume that z, Wo and oj = ■ • • , w r ) satisfy the strong 
one-side condition [SOC], that is given by 

min{arg(±u;o)} < arg(z) < max{arg(±aj )}, 
min{arg(±cuo)} < arg(^j) < max{arg(±c<;o)} (1 < j < r). 

For Re (s) > r + 1, we define the bilateral (r + l)-ple zeta function £ r+1 as follows. 

(4.1) fr+l(s, 21 I w o'; W) :=Cr+l(s, Z + W | Uq, Uf) + Cr+l(s, Z \ -U) , u). 

Here, we put u ' := |cu 1 max{ars(±UJo)} . 

Throughout this paper, we assume that < arg(wo) < ir. Hence we may write 

Cr+i(s,z | w '; uj) =f r+ i(s,z I u ; w) 

=Cr+l(s, ^ + W | UJ , U)) + Cr+l(s, Z | e" 7 ™^, w). 

In addition, when we consider the bilateral zeta function, we always assume that z,uq, uj 
satisfy the condition [SOC]. 

Lemma 4.2. (1) The series expression of the bilateral zeta function £ r +i(s, z \ ojq] uj) con- 
verges absolutely in the domain Re (s) > r + 1. 

(2) It holds that 

(4.2) £r+i(s, z I u ; <jj) = ( r+ i(s, z I u , <jj) + Cr+i(s, z + e _7 ™w I e _m o;o, w) 

(4.3) = Cr+l(s, Z I W , W) + Cr+l(s, Z | e" 7 ™^, W) - Cr(s, Z | U>). 

(3) T7ie bilateral zeta function £ r+1 (s, z | c^o; u;) continued analytically to the whole s- 
plane C. Moreover £ r+1 (s, z | oj ; continued analytically to a multivalued holomorphic 
function of z in C\(X r U {uuq \ n G Z}). 
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Proof. (1), (2) : These are obvious from the definition and (13.51) of Lemma [3.21 
(3) : The first assertion follows from the relations above and analytic continuation of the 
Barnes zeta function. By Lemma I3T21 we see that ( r+ i(s,z \ uj , uj),( r+ i(s,z \ e~ m uo, u) 
and ( r {s,z \ w) are continued analytically to multivalued holomorphic functions of z in 
C\(X r U {-nuo | n e N }), C\(X r U {nu \ n G N }) and C\X r respectively. □ 

Lemma 4.3. (1) It holds that 

(4.4) £r+iO, z + u I u ; u>) = £ r+ i(s, z \ u ; u>). 
(2) For k = l,-- - ,r, 

(4.5) fr+i( s » z + u k I w ; w) = £ r +i(s, z I w ; w) - £ r (s, z | w ; 
Proo/. (1) By (14. ip and Lemma H~2l 

Cr+i(s, 2; + w I w ; w) = Cr+i(s, z + w | w , w) + Cr+i(s, (2 + w ) + e~ m u \ e~ m u) , uj) 

= Cr+l(s, 2 + w o I ^0, «»>) + Cr+lfo 2 | e _7 ™W , w) 

= £ r+ i(s,z I w ; w). 

(2) It is obvious from the definition and Lemma [3.21 □ 
Lemma 4.4. If a e C* satisfies the conditions 

—n < arg(a) + arg(z) < ir, 

(4.6) < arg(a) + arg(w ) < 7T, 

— 7r < arg(a) + arg(wj) < 7T (1 < j < r), 

then the following equality holds. 

(4.7) £ r+ i(s,az | aw ; aw) = a~ s £ r+ i(s,z | w ; ^-0- 
Proof. By (13. 4p of Lemma 13.11 we obtain 

t; r+ i(s,az | awo; aw) = Cr+i(s, a(z + uj ) | awo, aw) + ( r+ i(s,az \ ae'^uo, aw) 

= a" s (Cr+i(s, 2 + w | wo, w) + Cr+i( s , z | e""'^, w)) 
= a~ s ^ r+ i(s, z | w ; w). 

□ 

Corollary 4.5. One /jas 

e —\ e r+ i(^Me";e^ ). 
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Proof. By the condition [SOC], a — ^- satisfies H4.6[) in Lemma [4.41 Therefore, we have 

fe ni \~ s 

£ r+1 (s,e m z I e n ] e I, w ) = I — 1 £ r +i(s,2 | w ; w). 



Lemma 4.6. If z G $), for all s G C, one has 

(4.9) ei(s, 2 I e™) = 6 2 1 ^ nS ~ l ^ inz - 

v ' 71=1 

Proof. We may assume Re (s) > 1. Since z G -f), we observe 
z | e™) =Ci(s, z + e wi \ e m ) + Ci(s, z | 1) 



□ 



El 1 e 2* S (27T) S 

(ne™ + e 7 ™ + z) s ^ (n + z) s " IYs) ^ 

n=0 v n=0 n=l 



n e 



1 „27rmz 



where we have used the Lipschitz's formula ( [AAR] ) for the third equality. □ 
Theorem 4.7. If z, Ui, ■ ■ ■ ,u r G for all s G C, one has 

(4.10) C r+1 (s,z\e ; uf) — ^-r-j Z^T^Z ^w^m . . . n _ ^fi^vj ' 

' ' n=l ^ ' ^ ' 

Proof. It is enough to show the assertion when Re (s) > r + 1. Since the series for £ r+1 (s, z \ 
e 7 ™; uS) converges absolutely, we observe 

oo 

Cr+i{s, z | e m ; c*j) = z + + ■ ■ • + m r co r \ e m ) 

mi,- ,m r =0 

r( s ) ^ 

rrti ,m r =0 n=l 
e~f is (27r) S ^ n s-l e 2ninz 



y 

r(s) C. 4 [\ g27rina;i^ . . . (1 g27rinuvj 

Since cui, ■ ■ ■ ,u r G S), the second equality follows from (14. 9 j) immediately. □ 

It is easy to show the following corollary from Lemma 14.51 and Theorem 14.71 

Corollary 4.8. (1) The bilateral zeta function £ r+ i(s,z \ ujq; uj) is an entire function in 
s G C. 

(2) For all m G N, one has 

(4.11) £ r+1 (l-m,z | lo ; w) = 0. 
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Corollary 4.9. If z, ui, ■ ■ ■ , uj r G ft, for all m G N, one has 



(4.12) 

In particular, 
(4.13) 



im - 1)! 

{l-m,z\e m ;u>) = ^ 



-,2-n-inz 



ds 



exp 



ds 



(27ri) m ~^ ^ 7Z m (l g27rinaji ^ ... (X g27rma;r) 



(O^le^w) =(x;g 



Proof. If z, Wi, • • • , u r G io, then 

9^ r+ i ^ £ r+1 (s + 1 - m, z | e"; w) - £ r+ i(l - m, z | e™; w) 

-(1 — m, z | e ; u>J = hm 



9s 



£ r +i( s + 1 — m,z | e 7 ™; w) 



lim 

s->0 



(m - 1)! 



,27r£nz 



(27r2) m— ^ ^ n m {\ ^2-Kintjj\^ ... (1 g27rinuv^ 

The second equality follows from ( 14.1ip and the third one from (14.101) . Moreover, by analytic 
continuation, it is enough to show the assertion (I4.13P when z G f). 



exp 



d£r+i 
ds 



(0,z | e™; w 



I J = exp - ^ 

' V 71=1 



n=l mi,'" ,m r =0 



12(1 g27rinoJi^ ... (X g27ri7iu;r) 

g27rin(2+mi wiH \-m r u) r ) 



oo oo 



exp log (1 - e 2m{miUJl+ - 

\ mi,"- ,m r =0 
(x, ^) rj0 0' 



■+7n r [<Jr + z) N 



This proves (14.131) . 

Corollary 4.10. ([EE]) Ifwi,--- ,w r G^, tfaen 
(4.14) 

1 



T r+1 (z | 1, w)r r+1 (l - z | 1, e-**w) 



exp 



(-l) r+1 7Ti 

(r + 1)! 



r+l.r+l 



Z 1, «) > (x; <? 



□ 



i/ere T r (z | u;) is the multiple gamma function defined by 



(4.15) 



r r (z I w) := exp ( — (0, z | 
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Proof. Suppose u\, ■ ■ ■ ,w r 6 J}. Since T r (z | a;)" 1 and r r +i(l — z | 1, e~ m u))~ l are continued 
holomorphically to the whole z-plane, it is enough to show the assertion when z G $). By 
Corollary 14.91 if z, U\, ■ ■ • , u r G S), 



[x; q) 



cxp 



ds 



(0,z\e™;u>) 



By ( 14. ip . we observe 



£ r +i{s, z I e"; w) = Cr+i(>, z | 1, «) + Cr+i(s, z + I e™, w) 

= Cr+i(s, z\l,u>) + e-™( r+1 (s, e~ m z + 1 | 1, e^o;). 

Therefore, we have 

(x; q) T ,oc = exp(7rz'Cr-+i(0,e _7ri z + 1 | 1, e~™u))) 
■ exp 



9Cr+1 (0, z | 1, «) - %tl (0, e-"z + 1 | 1, e-^w) 



exp 



9s 

■(-l) r+1 7TZ 



9s 



(r + 1)! 

The last equality follows from ( I3.15P and Lemma 13.51 ( I3.10P , ( 13 . 1 2f) . 
Now we give the main theorem of this paper. 



T r+1 (z | 1, u)r r+1 (l-z\ 1, e-^w) 



□ 



Theorem 4.11. Suppose that r > 2. Assume that ui,--- ,u r G satisfy the condition 
[ORC]. Put 



D := Ize C* 



(0 < ai, • • • ,a r < 1) 



k=l 



{z G C* | arg(av) < arg(z) < 7r}, 
{z G C* | < arg(» < arg(wi)}, 

r-1, 



Cr(a, e~ m z I e-"w) + (-l) r " 1 C-(s, + e"^ | w), 
C r (s, z\u) + (-l) p - 1 C r (s, 2 + e^V^ | e^w). 

(1) If z E D U D + , one has for all s G C ; 

r 

(4.16) /+(*,* | w) = ]T(-l) fc ^ r ( S , |«|+ fc _ 1] + e-*z | w fc ;uT[A;,r](*0) 

r 



k=l 



(4.17) 



e ^'U . -s _a-l 27rin« fc 



r( s ) 



^^e^ 1 ^ n (!- 



) 



fe=l n=l 
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(2) If z G DU one has for all s G C, 

r 

(4.18) f_(s,z \uj) = J2(-^ r ~ k U^^ + e' m \^ k+hr] \u k ;Q-[k,r](k)) 

k=l 

(4.19) = e2 T(s) Y, UJ k S Y. nS ~ le ~ 2mnZk II ( X - e- 2 ™»*Y\ 

^ ' k=l n=l 3=1, j^k 

To prove the main theorem, we need the following lemma. 

Lemma 4.12. Suppose that u\, ■ ■ ■ ,u r satisfy the condition [ORC]. 

(1) IfzeDUD + , then 

(4.20) z k + e^u k \+ k _ l} e (k =!,■■• ,r). 

(2) If z e DU £>_ , then 

(4.21) e"* fc + |w fc |+ +1>p] ei3 {k = l,---,r). 
Proof. (1) : The condition [ORC] shows 

e Wifc, •■•,e Wfe-ife, ^fe+ife, • ■ ■ , u r k £ -O- 

Therefore we have e 7rJ |o;fc|^ fc _ 1 j G i}. When 2; G -D + , the result follows from the definition 
of D + . Let z = X)/=i a ^ (0 < ai, • ■ - , a r < 1) G .D, then 

r 

^fc + e ^ w fc|[l,fc-l] = 5Z a ^ fc + e ^ Wfc l[t,fc-l] 
1=1 

k—1 r 

= - ai)e m ui k + a k + ^ 

1=1 l=k+l 

Since 1 — a; > for alH = 1, • • • , k — 1, we obtain (14.20)) . 

(2) : By the condition [ORC], we have |<*>fc|r£ +1 r i G Hence, z G D_, the result is proved 
by a similar argument as in (1). If z G D, then 

r 

e m z k + |Wfc| J +1>r] = ^tye 7 ™^ + J +ljr] 
z=i 

fe-l r 

= ^ aie m uik + e m a k + (1 - aj)c^ fc . 
z=i ;=fc+i 

Since 1 — > for alH = k + 1, • • • , r, we obtain (14.211) . □ 
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Proof of Theorem 4.11. Suppose that zeflU D + . Then we have 

r-l 

/+(*, z | w) = ^(-l) fc {C,(*, |«| + e - ** I + 1> r]) 

fc=0 

+ Cr(s, Mjfc+i] + e-^z I uT[A; + 2, r])} 

r 



it=i 



= E(- 1 )*" 1 (y ^,^ + e 7ri |a; fe |+ fe _ 1] |e 7ri ;a;^[l ) fc-l]). 

The second equality follows from (14. ip and the third one from Lemma H~4l We remark that 
all r-ple zeta functions and bilateral r-ple zeta functions appeared above are well-defined, 
since all parameters appeared in the above equalities satisfy the condition [SOC]. 

In addition, by z G D U D + , we may apply Lemma l4.12l to (I4.16p . Hence it follows that 
all variables of the bilateral r-ple zeta functions appeared in (I4.16P are in the upper half 
plane. Therefore, by Theorem l4.7[ 



1 W k=l n=\ 
k-1 r 

. _ e -27rinw jfc -j-l J^J (1 — e 27 ™ 1 ^)- 1 

3=1 J=fc+1 

-is(r) \s r 00 r 



"r r E a; fc 8 E 7l "~ le2 " w "' [(i-e 

^ fc=l n=l j=l,j^k 

Let zGDU -D_. Similarly to the discussion above, one observes 

r-l 

/_(*, a I «) = ^(-l) fe {Cr( S , a + e" lri |ui| [ +. 1 _*,r] I «"[r + 1 - *, r]) 
=o 

Cr{8,z + e-^\u\+_ ktr] \u-[r-k,r])} 



k=0 



Y,(-l) r -%(s,z + e-™\co\+ +hr] | u k ;u>-[k,r](k)) 

k=l 

EC^r^y ^,e^ + |a; fe |+ +1)r] | e -;cD,-[l,fc-l]) 

-isfn \s r 00 r 

^ fc=l n=l 3=h J^k 
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This completes the proof of Theorem 14.111 

Remark 4.13. Let r = 1 and u>i G Sj. Then, for all s G C, we have 
(4.22) f+(s, z | wO = Us,e~ m z | Wl ) = ^J^U;^ n*"V™ (s G L> + , 



and 



oo 



(4.23) /_(*,* | uj) = £i{s,z \ u,) = ^'f^' u^^n'-^-™™ (z G ZL). 

^ n=l 

In particular, when Re (s) < 0, we have (14.221) and (I4.23P under the condition z G D. 

Lemma 4.14. Assume that z G D U -D-t. If arg(cjj) 7^ arg(cjfc) (j 7^ i/ien f/ie right-hand 
sides of (14.171) and (14. 19j) converges absolutely. 

Proof. If arg(a/j) 7^ arg(wfc) (j 7^ k), we may change the order of parameters such as 
arg(wj) < arg(wfc) (j < k). Hence, by Lemma l4.12} we obtain the assertion. □ 

Corollary 4.15. Let r > 2, z G D. Suppose that z,Ui,--- ,u r G 9) satisfy the condition 
[ORC] . If z G DUD±, one has 

(4.24) -m,z\u>)= r 1)! x>r ± ^ n a - ^-r i - 

^ ' k=l n=l j=l, j^k 

In particular, for any z G C, 

(4-25) exp (-%0, z | «)) = n^FiH-i.oo- 

^ ' k=i 

Proof. By (14. 161) and Corollary 14.81 one has 

df± f ± (s+l-m,z\u>)-f±(l-m,z\u>) 
-(1 — m, z I u)) = hm 



9s s->0 



v ' k=l n=l j=lj^k 



Similarly, one obtains 



exp ("lr (0 ' z 1 u) ) = n exp (-(- 1 ) fc " 1 ^(°'^ + eW > fc l[t^i] I e^IM-l])) 

r 

= ri(l9,~ 1 l [ X i, fc -i]^9^ 1 [l,A;-l])! 

k=l 
r ^—^^^ 

= Y[(x k ] q k ), 



h — 1,00 



,Jr— l,oo- 

fe=l 
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The second equality follows from ( I4.13P of Corollary 14.91 and the third one from (I2.24p . 
Similarly, 

exp (~(0,* | «)) = ffexp ^-(-l)-^(0,e-^ + \u k \f k+1>r] \ e™; k - l]j 

r 



k=l 
r 



— J^l^fc 1 ) Qk )r-l,oo- 
k=l 

□ 

Remark 4.16. By Lemma l4.14^ if z G D and arg(co,) 7^ arg(cjfc) (j 7^ fc), then the right-hand 
sides of f )4.24p and ( I4.25P both converge absolutely. 

5 Applications 

5.1 Dedekind's 77-inversion formula and Ramanujan's formula 

In this subsection, we assume that r G $). 
Lemma 5.1. (1) For any s 6 C, 

(5.1) Ca(5,wi I wi,W2) - (2(5,^2 I wi,w 3 ) = (wf s - wJ*)C(s). 

i/ere £(s) £/ie Riemann zeta function. 
(2) For any JV G N, 

(5.2) hm (1 - e™)( 2 (s, z \ u lt u 2 ) = 5 ltN . 

Here 8\ n is the Kronecker's delta. 



Proof. (1) : By Lemma [3. 2\ we obtain 

(LHS) = lim{C 2 (s, z + ui\ 0Ji,0J 2 ) - (2(5, z + uj 2 | wi, w 2 )} 

= lim{{C 2 (s, z I ui, uj 2 ) - Ci(s, 2 I w 2 )} - {(2(5, z\uji,u) 2 ) - (i(s, z \ ui)}} 
= lim{{Ci(s, z\ui)- z~ s } - {Ci(s, z I u 2 ) - z~ s }} 
= lim{Ci(s, z + u)i I oji) - Ci(s, 2 + u) 2 I w 2 )} 

z— >0 

= Ci(s,wi I wi) - Ci(s,w 2 1 w 2 ) = K~ s - w^ s )C(s). 
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(2) : By flUD and f l3~T6]) . we obtain 

(LHS)= lim —(s-2N)C2(s,z\ 

s~+2N S — ZiV 

= — iri Res (2(3, z I ui,u 2 )ds = —7iiB 2t0 (z \ u\,oj 2 )Si, 

s=2N 



711 



N 



-8l,N- 



□ 



Lemma 5.2. Define 



6 ^" 



(1) We have 
(5.3) 

(2) For any N G N, 

(5.4) §:(-2;v,t) 



=6(s,r|e m ;r)-6(s,l|r;l). 
do 



(9-s 



(0,r) 



Til Til 



4 12 V r 7 2 



log r. 



7r^ 2 ,2+2Jv(0 I l,r) (-1) 
(2iV + 2)(2iV+ 1) 2 



(r 27V - l)(2iV)!(27r)" 27V C(2Ar + 1). 



(3) For any JV G N, 

(5.5) o(2iV,r) = (r- 2iV -l) 



1 B 



2A^ / n -\2AM , m 



■{2m 



-di 



A'- 



2(2iV)! 

Proof. By (14. ip . we observe that 

g(s, r) = {( 2 ( Sl 1 + r I 1, r) + r | e™, r)} - {( 2 (s, 1 + r | r, 1) + C 3 (s, 1 I e^V, 1)} 
= C 2 (s, r I e™, r) - ( 2 (s, 1 | e^V, 1) = r | e™, r) - e™C 2 (*, | r, e™). 

(1) : Using the above relation, we have 

§|(0, r) = -7rzC 2 (0, e n I r, e"*) + J^{C 2 (s, r | r) - Ca(a, | r, e™)} 
By (13TT5) and (ESJ) 

-7r< 2 (0,e™ I r,e 



s=0 



7TZ 



B 2 Je ni I r,e™) _ 7ri ni 
~2\ ~ T + 12 



On the other hand, by (15. ip and the fact £(0) = — |, one finds 
d 



ds 



{(2(s,T\e m ,T)-( 2 (s,e m \T,e m )} 



s=0 



0_ 

ds 



{(t~ s - e-™)((s)} 



s=0 



7TZ 

;-logr + 7rz)C(0) = -logr- — . 
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Consequently we obtain 



(2) : Similarly, we have 



dq , . iri iri ( 1 \ 1 , 



^(-2N,t) = -niC 2 (-2N,e*< | r,e") +^{C 2 (s,t | e", t) - £,(», e" | r,e")} 
By (I3.15P and Lemma [3.51 we have 

?2, 2 +2iv(e^ I t, e m ) iriB 2M2N (0 | 1, r) 



s=-2JV 



vr< 2 (-2iV,e m | r,e m ) = -iri 



(2N + 2)(2N + 1) (2iV + 2)(2iV+ 1) 
Also, by the fact £(— 2iV) = for any iV G N, we have 

d 



^ {Us,T\e™,T)-( 2 (s,e m \T,en} 



ds 



{( r -_e-™ ) C ( S )} 

s=-27V aS 

.27V ^ #C, 



s=~2N 



(r- - l)^(-2iV). 



Recall the functional equation of the Riemann zeta function. 

C(«) = 2r(l - a) sin (^) (2tt)- 1 C(1 -a). 

Hence, it follows that 

^(-2iV) = izll^ (2 iV)!(2 7 r)- 2JV C(2iV + l). 
as 2 

Therefore, 

^(-2iV, r) = ^2,2 + 2Ar(0|l,r) 2JV _ 1} j^-a*^ 1} _ 

9s v ' ; (2iV + 2)(2iV + 1) 2 v 

(3) : We remark that 

C 2 (s,r | e m ,r) -e^C 2 ( S ,e m | r,e™) = {C 2 (s,r | e™, r) - C 2 (s, | r,e™)} 

+ (l-e^)C 2 (s,e m | r,e™)- 

Therefore, by fO]) . Q and C(2iV) = -§ |^(27ri) 27V , we have 

<7(27V, r) = {C 2 (2iV, r | e™, r) - C 2 (2iV, e m | r, e™)} + lim (1 - e™)C 2 (s, | r, e**) 

s— >-2JV 

□ 
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Proposition 5.3. (1) (Inversion formula for the Dedekind rj-function) Let 

oo 

(5.6) t?(t) := e^ T ] [ (1 - e 2mmT ) 

m=l 

be the Dedekind rj-function. We have 

(5.7) rj (e^) =</%(r). 



T J V I 

Here being that branch taking the value 1 at r = i. 

(2) (Ramanujan's formula) For any N e N, we have 

i 00 i 2ninT ( i 00 1 —2win — 

(5.8) - C (2iV + 1) + £ , i2Ar+11 ! e2 „„ r = ^ ~ 2 C(2N + !) + •£ „ M+ll l '1 

n=l ^ n=l 

1 (2vrz) 2Ar+1 
+ 2(2iV + 2)! 52 ' 2+27v(0|r ' 1) - 

(3) (Inversion formula for the Eisenstein series /Lambert series) For any N G N , we have 

00 „2JV-l„-27rini R / 00 „2N-l„2mnr R \ „ 

1 j ^ l_ e -2™l 4iV ~ T l- e 2™r 4A T J 47TZ 1,iV ' 

n=l \n=l / 

Proof. (1) : By Corollary 14.81 and Corollary 14. 9[ we have 



Mr) 



exp^-(0,r)j=exp^— (0, r | e ; r) - — ^0, e - 
Here, /i(r) := rim=i ( X ~ e 2 ™ mT ). On the other hand, by Q 

exp ^-(0, r) j = exp + - (r + - j + - logr 

Therefore, 

tH , / • 1 \ / 1 . 7TZ \ Hi_ , / s 

ei2 t ft I e - J = exp I - logr — — I h(r). 

Since r/(r) = e^ T h(r), we obtain (15. 7p . 

(2) : By Corollary 14.81 and Corollary 14. 9[ we have 

9 9/ oat ( 2iV ) ! 1 e2ninT 2N ( 2A ! 1 e" 2 ™^ 



9s l ' J (2ttz) 2JV ^ n 2 ^ 1 1 - e 2 ™T {2m) 2N ^ n 2N + 1 \ _ e " 2? 



Hence we obtain (15. 8 j) by (15. 4p . 
(3) : By f HlOj) . we have 



a(27V,r) 



(2vn) 2JV ^n 2 ^-^ 2 ™^ „ 27V (2m) 2N ~ n^e" 2 ™- 



1 _ e 2 ™^ ~ T (2iV- 1)! ^ i _ e -27rini 



(27V 

Hence we obtain (15. 9p by (15. 5p . □ 
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5.2 Fourier expansion of the Barnes zeta function 

Theorem 5.4. Let r > 2, z G D. We assume that z,uj\, ■ ■ ■ ,cu r G Sj satisfy the condition 
[ORC]. Then, for all s EC, we obtain 

(5.10) ( r (s,z\u;) 



2i sin(7rs) 

J2(-l) k -^ r (s, Iwl + ^j + e-™z | Wfc ;uT[fc,r](*)) 



k=l 



Y,(-iy- k e-™%(s,z + e-™\u>\+ +1>r] \oj k] Q-[k,r](k)) 



k=l 



(5.11) = (2tt) s -T(1 - s) 



g 5i( s -i) ^ u -» ^ n^e 2 ™** [ (1 - e 2ninuJ ^)- 1 

k=l n=l j'=l, jt^A; 



r oo 



+e -f^ 1 )^u;^J]n s - 1 e- 2 ™ 2fc [ (1 - e 

k=l n=l j=lj^k 

Proof. Put 

F(s, z\u):= f+(s, z\u)- e~ ms f.(s, z\u>). 
Let z G D. Then, by Theorem 14.111 we have 

r 

F(s,z\ «) = ^(-l) fc -^(s, lajl+fc.^ + e-**z | w fc ;uT[A;,r](*0) 
fe=i 

r 



fc=i 
r(s) 



ef * S XI w fc * XI ^ _1 e 2 ™ 2fc [ (1 - e 2 "™^)- 1 

fc=l n=l j=l } j^k 

r oo 

2Trinu)ji. \ — 1 



-e"f is ^ nS -l e -2™ 2fc [ (1 _ 

fc=l n=l j=\,jt£k 

On the other hand, by the definitions of /+(s, 2; | w) and /_(s, 2; | w), 

F(s, 2 I w) = (e™ - e~" s )C r (s, 2 | w) 

+ (-l)^ 1 ^, M + + e-"2 I w) - e-^C-Cs, 2 + e^VI 4 " | e^w)). 

Since z £ D, one has e ,ri (z + e _7n |u;| + ) = + + e _?n z. By Lemma [3. II we have 

e- 7ris C r (s,z + e- 7r V| + I e _,ri w) =Cr(s,e 7ri (z + e" 7r V| + ) | u>) 

=C r (s, |w|+ + e-^z I w). 
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Therefore, 

F(s, z\u>) = (e™ - e-" is )Cr(s, z\u) = 2i sin(7rs)Cr(s, z\u>). 
Hence, we have (15.101) . Moreover it is obvious from Theorem 14. 1 II that 



( r (s,z | u>) = J 27l) \ : I e^V i^V n*~V TO FT (1 - e 
2zT(s) sin(Trs) 1 ^ k ^ 



2-Kinujjk \ — 1 



A;=l n=l j=\ : j-tk 

oo r 

\ — 1 



-e-^^c^^y-V 2 ™ 2 * ' [(1-e 

fc=l n=l j=l ; j^k 

Hence (15. lip follows from the reflection formula for the Gamma function. □ 

Remark 5.5. The formula (15. lip has given by Komuri, Matsumoto and Tsumura [KMT] . 
In particular, when r = 1, Re (s) < and z = auj\ (0 < a < 1), the formula (15. lip gives the 
following functional equation of Hurwitz's zeta function. 

(5.12) CiO, z | u,0 = - 1 {£i(s,e-™z | cO - e~ ms ^(s,z | 

2z sm(7rs) 

(5.13) = (27r) s - 1 r(l - s)^r s 



-27rinzi 

n=l n=l 



Corollary 5.6. VFe assume that r > 2, z E D and ■ ■ ■ ,u r satisfy the condition [ORC]. 
Then 

(1) For all m G N 0; 

r r 

(5.14) B r , m {z \ = {-iyX2ni) r - 1 - m m\J2 UJ k l ~ r Y ™ r_1 ~ m e 2 ™ 2fc [ (1 - e 2 ™^)" 1 . 

fc=i nez\{o} j=i,j^k 

(2) For a// m G N, 

r r 

(5.15) $>; (r+m) ^ ^ r+m " V™ [ (1 - e 2 "™^)- 1 = 0. 

fe=l neZ\{0} j=l,j^k 

Proof. (1) : We notice that the left-hand side of (15.141) is a multiple Bernoulli polynomial, 
which is a rational function of u\, ■ ■ ■ ,u r and that the right-hand side of (I5.14p converges 
absolutely, when z G D and arg(cuj) ^ arg(w fc ) (J ^ k). Hence, by analytic continuation, it 
is enough to show the assertion when we assume that ou±, ■ ■ ■ ,u r satisfy the same conditions 
of Theorem 14.111 

If z G D, by (15. lip , for all m G N, we have 

U\-m,z\u)= [m J - You™- 1 Y ~ : TT (1-e 2 ™^)- 1 . 

s v (2ni ) m ^ k n m 11 V ; 

V ' k=l n€Z\{0} j=l,j^k 
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Using (I3.15p . we have 



V 7 fc=l n£Z\{0} 3 = 1, j+k 

Replacing m with m — r + 1, for all m G Z> r , we obtain (15.1411 . On the other hand, by 
(15.111) . if z G Z?, we see that 

ResCr(s, z | uijds — lim (s — m)£ r (s, z | w) 

_ (-l) m (27Ti) m ^ ^ m _i e 27rir«fc JJ (1 - e^^jfc)" 1 

^ m fc=i nez\{o} j'=i,j¥fe 

for all m = 1, • • • , r. Hence it follows from (13.161) that 

r r 

B rtr _ m (z | u) = (-l) r (27rz') m_1 (r-m)!^a;^ m ^ri m - 1 e 2 ^ ' [ (1 - e ^«-jfc)-i. 

fc=i n.ez\{o} i=i,i^fc 

Replacing m with r — m, we obtain the result. 

(2) : Since Cr(s, z | u>) is holomorphic when Re (s) > r, we have 

Cr(s + r, 

hm — — — = (m € Ml. 

s->m r(l — r — s) 

Since Wi, • • • ,w r satisfy the same conditions of Theorem 14 . 1 1 1 if z G D, it follows that 



r . . _ p 2-winz k J~ 



V 7 fc=l nGZ\{0} i=i,j¥fc 



e 



Hence ( 15 . 151) follows immediately. □ 
Remark 5.7. Suppose r = 1. If z = awi(0 < a < 1), for all m G N, one has 



m! „ , x-^ e 2 ™ 21 



(2iri) m ^ n r 

ngZ\{0} 



Here, when m — 1, the summention on n is meant 



lim > 

A/" — irYi ^ — <■ 



n^oo * — ' n 

n=-N, n^O 
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5.3 Multiple Iseki's formulas 

We prove the following multiple-analogue of Iseki's formula. 

Theorem 5.8. We assume that r > 2, z G D and uii, ■ ■ ■ ,u) r satisfy the condition [ORC]. 
Put 

(5.16) f{s, z\u):= ( r {s, z\u) + {-l) r ~\ r {s, M + + e^z \ u). 

Then, for all N G N , we have 

(5-17) %(~2N, z | U ) = (-^Y +1 ^j^^B r , r+2N ^ I «) 



(-1)"(2JV)! ^ 2N ^ e y^ s 

\ > U — 1 m — 1 



E^E^fTT IIP 

fc=l n=l j=l,j^k 



, (2AQ! 

( 27T )2N 2^ 1^ n 2N+l 11 ^ e ) ■ 

V 7 k=l n=l j=l,j^k 



In particular, for all z G C , we have 

- — (0, z|«)J = exp ( — B r>r {z | w) J g fc ) r _i )00 

/(-l) r - 1 7ri , A -w, 
= exp I -j B T , r {z | w) I ||(x fc ; q k ) r _i l00 . 

V r - ' fe=i 

Proof. If 2 G -D, then 

/(s, 2 | w) = e-^CrCs, e _7ri 2 | e-^w) + (-l) r " 1 C r (s, + + e~ ni z | w). 
Thus, by (1335) . Lemma [33] and (EMJ), 

^(-2N,z\ w) = -7r< r (-2A^,e-^2 I e^u;) + ^±(-27V,2 I w) 
as as 

= (-l) r+1 ^(^jr^ +2 iv(, I a,) 

V ' fe=l n=l j=\,jjkk 

On the other hand, since z G -D, we see that e _7 "(|o;| + + e~' Kl z) = z + e~ 7 ™|u;| + . Therefore, 
/(s,z | w) = ( r {s,z\ w) + (-ir 1 e-™( r (s,z + e" I V| + | e" m o;). 
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Hence, by fETCS) . Lemma [33] and fl424|) . 

%(-2N, z|«) = -7rz(-l) r ^ 1 C r (-2iV, z + e~"VI + I e~ m w) + ^(-2iV, z I w) 
as as 

(2iV)' 

= ( ~ 1)r " (2iV + r)! jSr ' r+2jv(z 1 W) 



-1)^(2^)! ^ 2Af ^ e 2?rm2fc -A- -27rmw,-*A-l 

ft=l 71=1 j = lj^k 



Consequently we obtain (I5.17p . Similarly, 

exp I -^-(° ; 2 I w) I = exp I — B r>r (z \ w) 1 exp I — — (0, z \ u 

= ex P ( h B 'A Z I w) I exp I __(0,z I w 

Hence the result ( 15 . 1 8 j) follows from (I4.25P by analytic continuation. □ 
Remark 5.9. (1) For r = 1, we have 

(5,9, % { -2N, z i Wl) = ^ w* i «.) h- *=gp£V £ ^ 

v 7 ra=l 

7rz (-1) N (2N)\ 2N ^e~ 2mna 



2N+1 B 1 , 2N+l (z\u 1 )+ Ul ^ n 

n=l 



i2N+l 



where z = aui(0 < a < 1). In particular, for all z e C, 



z 1 



(5.20) exp (~{0, , | a,) j = e^fe - *) (1 - e 2 ™) = e**^ - ^ (1 - e 

(2) We remark that Narukawa has proved (15 . 1 8[) in |Naj and the left hand side of (I5.18P is a 
multiple sine function. 

(3) If r = 2, (I5.18P gives Iseki's formula [I]. 

(4) By Remark [4.161 if z G D, the second equality of (15.171) and that of (I5.18P are true for 
replacing the condition [ORC] by arg(o;j) ^ arg(oj/ c ) (j ^ k). 



Acknowledgment 

The author would like to express his gratitude to Professor Masato Wakayama for his math- 
ematical supports, careful reading of this paper and warm encouragements. The author also 
thanks Professor Katsuhiko Kikuchi for his mathematical advices and warm encouragements, 
and Professors Atsushi Narukawa, Kohji Matsumoto for giving me helpful comments. 



24 



Genki Shibukawa 



References 

[AAR] G. E. Andrews, R. Askey and R. Roy: Special Functions, Encyclopedia of Mathe- 
matics and its Applications, 71. Cambridge University Press, 1999. 

[Ba] E. W. Barnes: On the theory of the multiple gamma function, Trans. Cambridge 
Philos. Soc. 19 (1904), 374-425. 

[FR] E. Friedman and S. Ruijsenaars: Shintani-Barnes zeta and gamma functions, Ad- 
vances in Math. 187 (2) (2004), 362-395. 

[I] S. Iseki: The transformation formula for the Dedekind modular function and related 

functional equations, Duke Math. J. 24 (1957), 653-662. 

[KMT] Y. Komori, K. Matsumoto and H. Tsumura: Barnes multiple zeta-functions, 
Ramanujan's formula, and relevant series involving hyperbolic functions, 
arXiv:1006.3336. 

[KR] M. Knopp and S. Robins: Easy proofs of Riemann's functional equation for ((s) 
and of Lipschitz summation, Proc. Amer. Math. Soc. 129 (2001), no. 7 1915-1922. 

[Na] A. Narukawa: The modular properties and the integral representations of the mul- 
tiple elliptic gamma functions, Advances in Math. 189 (2) (2004), 247-267. 



Graduate School of Mathematics, Kyushu University 
744, Motooka, Nishi-ku, Fukuoka, 819-0395, JAPAN. 
E-mail: g- shibukawa©! mat h . ky ushu-u . ac.jp 



